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The attitude dynamics and manoeuvre survey in this paper is performed for a mission scenario involving a 
penetrator-type spacecraft, a semi-rigid axisymmetric prolate spacecraft spinning around its minor axis of inertia, 
requested to perform a 90° spin axis reorientation manoeuvre. In contrast to most existing spacecraft only one 
attitude control torque is available, perpendicular to the spin axis. Having only one attitude thruster on a spinning 
spacecraft could be preferred for spacecraft simplicity (less mass, less power consumption etc.), or it could be 
imposed in case of redundancy/contingency operations; the proposed Japanese Lunar-A penetrator spacecraft had 
been designed in this way. This constraint does yield restrictions on the thruster timings, previously unanalysed, 
depending on the ratio of minor to major moments of inertia. 
The attitude dynamics of a spinning rigid body are first investigated analytically, then expanded for the specific 
case of a prolate, axisymmetric, semi-rigid body. Next two well-known techniques for manoeuvring a spin-stabilised 
spacecraft, the Half-cone/Multiple Half-cone and the Rhumb line slew, are compared with two newer techniques, 
one developed by Astrium Satellites and one developed at Surrey Space Centre. Each technique is introduced and 
characterised by means of simulation results and illustrations for the penetrator mission scenario and the relative 
benefits of each slew are discussed in terms of slew accuracy, energy (fuel) efficiency and time efficiency. For 
example, a sequence of half-cone manoeuvres (a multi-cone manoeuvre) tends to be more energy-efficient than one 
half-cone for the same final slew angle, but more time-consuming. As another example, the new techniques are 
designed to overcome the specific restriction on slew angle attainable by a half-cone manoeuvre, giving one 
additional degree of freedom for designers to fine-tune. 
 
I. INTRODUCTION 
 
One proposed mission concept for subsurface 
investigations into celestial bodies is to use a penetrator-
type spacecraft, a cylindrical projectile that is designed 
to survive an impact with a celestial body, burying itself 
into the ‘ground’. From this position, on-board sensors 
such as seismometers can take measurements of the 
inner layer. 
Two proposed missions using this concept are the 
Japanese mission Lunar-A (unfortunately cancelled 
according to [Shiraishi]
1
) and the British MoonLITE 
mission concept [Gao]
2
, both intended to study the lunar 
subsurface. Due to the lack of atmosphere on the Moon 
or other potential targets such as asteroids, attitude 
stabilisation of these penetrator spacecraft is usually 
performed by means of passive spin stabilisation; the 
nature of the mission (i.e. impact with ‘pointy bit first’) 
requires a minor axis of inertia spin.  
In the following paper, the motion of an 
axisymmetric spinning semi-rigid body is first 
investigated analytically building on work by [Wertz]
3
. 
Next it is investigated how to perform a reorientation 
manoeuvre with only one control torque available 
perpendicular to the spin axis. Having only one attitude 
thruster on a spinning spacecraft could be preferred for 
spacecraft simplicity (less mass, less power 
consumption etc.), or it could be imposed in case of 
redundancy/contingency operations. For this 
investigation two well-known techniques, the Half-cone 
and the Rhumb line slews, are compared with two 
newer techniques, Sector Arc Slew and Dual-cone, in 
terms of energy and time efficiency. Simulations have 
been performed for all techniques, with baseline 
scenario a rigid penetrator-type (prolate) spacecraft 
spinning around its axis of minor moment of inertia, 
requested to perform a 90° spin axis reorientation 
manoeuvre. 
 
II. MATHEMATICAL BACKGROUND 
II.I Rigid Body Dynamics 
The general equations of attitude dynamics for a 
rigid spacecraft are given by the well-known Euler’s 
moment equation, detailed e.g. in [Sidi]
4
: 
T I Iω ω ω= + ×  (1) 
Explanation of the used symbols: 
•I is the inertia tensor; 
•ω is the angular velocity of the Spacecraft-Fixed 
Body frame (SFB) with respect to the reference inertial 
frame (RI), expressed in the SFB frame; 
•T is the vector of external torques. 
For an axisymmetric rigid body where the 
Spacecraft-Fixed Body coordinate frame (SFB) is 
coincident with the principal axes of inertia, Ix = Iy  It 
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where It is called the transverse moment of inertia. It is 
assumed that the body is in pure spin around its 
symmetry axis (Z). To shorten the notations, we define 
the parameter  as the ratio of inertias: 
/z tI Iλ ≡  (2) 
The homogeneous solution (no external torque 
applied) of equation (1) is an undamped free harmonic 
oscillator in ωx and ωy while ωz is constant. The 
resulting set of equations (3) is based on [Wie]
5
, 
equation 6.58, slightly modified to use a phase 
difference  instead of a second sine or cosine function. 
Note also the different definition of . 
( )
( )
0 0
0 0
0
cos 1
sin 1
x z
y z
z z
t
t
ω ω λ ω ϕ
ω ω λ ω ϕ
ω ω
 = − − 
 = − − 
=
 (3) 
For this body, the angular velocity vector of SFB 
frame with respect to inertial reference frame (ω), its 
spin axis (Z) and the angular momentum vector (H) are 
coplanar. 
Fig. 1 sketches the plane defined by Z-axis, H and ω 
when It > Iz. (For It < Iz, the angular momentum vector 
would lie between the Z-axis and ω; however, this 
would not invalidate the discussion below – only the 
sign of ωN would change.) All vectors originate in the 
centre of mass of the spacecraft, which is the origin of 
the Spacecraft-Fixed Body coordinate frame (SFB). 
Note that this plane is not fixed in inertial space but 
rotates about H with angular velocity ωH. However, the 
relative positions and sizes of these vectors remain 
constant when no external torques are applied. 
 
 
Fig. 1: Z-H plane 
 
The angular velocity vector ω is geometrically 
decomposed in two pairs of component vectors: 
1. ωz and ωXY (mutually perpendicular) 
2. ωN and ωH (not perpendicular – the enclosed angle 
is defined as the nutation angle ) 
Knowing ωN and ωH makes it easier to describe the 
spacecraft’s attitude over time as a sequence of two 
rotations: one of the Z-axis around H with angular 
velocity ωH (called the “Virtual Sphere” rotation in 
[Romano]
6
), followed by a rotation around Z with 
angular velocity ωN. As the equations for ωN and ωH 
will show that these components are constant in the 
absence of external torques, it is relatively simple to 
derive the two corresponding rotation matrices, 
especially when using quaternions. 
In order to calculate ωH, the projection of ω on H 
parallel to Z, we use the triangle formed by ωH and ωXY 
and set up the expression for sin():  
sin( ) t XYXY H
H t
HI
H I
ωω
θ ω
ω
= = ⇔ =  (4) 
This last equation (4) is equation 16-67a of [Wertz]
3
, 
which is called the inertial nutation rate. It is the angular 
velocity of the spin axis around the angular momentum 
vector H, which is fixed in inertial space. 
A similar approach is used to calculate ωN, the 
projection of ω on Z parallel to H, but with one small 
addition: first the length of (ωz - ωN) is calculated using 
the triangle formed by the blue and green dashed lines 
and the (ωz -ωN) line piece. In this triangle,  can be 
recovered as the angle between Z and the green dashed 
line. As a result: 
tan( ) t XYXY
z N z z
I
I
ωω
θ
ω ω ω
= = ⇔
−
 
( )1 1zN z z
t
I
I
ω ω ω λ
 
= − = − 
	 

 (5) 
This last equation (5) conforms to [Wertz]
3
, equation 
16-59b and is called the body nutation rate. It is actually 
the angular velocity of a point P fixed to the body 
around the Z-axis, relative to the Z-H reference frame. 
The difference with ωz lies in the fact that the latter is 
relative to the inertial reference frame. 
Note that there is no dependence on the magnitude 
of the angular impulse. In other words, whether the s/c 
is slightly nudged or considerably excited to start the 
precession does not matter for the body nutation rate. 
 
II.II Simulation Inputs 
Simulations were made using MATLAB Simulink. 
The initial state of the s/c is a pure spin around its SFB 
Z-axis; the spacecraft-fixed body reference frame (SFB) 
is coincident with the reference inertial frame (RI) at 
this time. 
Table 1 defines the constants used during the 
simulation run. Each simulation will be compared on 
two main aspects: time and energy efficiency. Energy 
efficiency (translated to angular impulse in Nms) is 
chosen rather than fuel consumption as the latter is 
dependent on several additional parameters, such as 
type of fuel (including specific impulse), thruster 
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performance, location and orientation. Where 
appropriate, secondary aspects (e.g. computational load) 
are also briefly discussed. 
 
Input parameters Value 
Mass M 15 kg 
Inertia tensor I (Diagonal) Ixx = Iyy = 
5.35416 kgm
2 
Izz = 0.065 kgm
2
 
Attitude thruster location vector [0 0 -1] m 
Attitude thruster thrust (unit) vector -X 
Attitude thruster max thrust (scalar) 
Tmax 
0.1N 
Spin rate (around Z-axis) 0.2 rad/s 
Initial Euler angles [0 0 0] 
Table 1: Input parameters for simulations 
 
III. HALF-CONE 
III.I Theory 
Without loss of generality the thruster position and 
thrust direction are chosen such that it will generate a 
positive torque around the SFB Y-axis. As an example, 
the thruster could be on the negative Z-axis with thrust 
vector along the negative X-axis. It is assumed the 
torque impulse is comparable to an impulsive shot, i.e. 
the thruster firing duration (sometimes called ‘thruster 
on-time’) tfd is much smaller than the ωz spin period. In 
case this assumption cannot be made, the thruster firing 
duration should preferably be split over several ωz spin 
periods. This is more of a practical issue than a 
theoretical one, however, and additionally depends on 
the thruster system’s maximum cycling frequency, 
which is why it is not considered in this theory section. 
The half-cone method implies the following 
sequence of events where Z0 is the initial attitude of the 
Z-axis at t = 0 and Zt is the target attitude of the Z-axis: 
1. At t < 0 the s/c is in a pure spin around its Z0-axis, 
no nutation, H is parallel with Z0. 
2. At t = 0 the s/c is aligned such that the X-axis is 
perpendicular with the Z0 - Zt plane and the thrust vector 
generates an angular impulse (Ttfd) in +Y direction 
pointing ‘towards’ the Zt axis. This impulse displaces 
the angular momentum vector away from the Z0-axis 
with an angle  equal to half the Z0 - Zt angle. This 
displaced H will be called the ‘intermediate’ H later on. 
3. For t > 0 the s/c starts a precession motion around 
the intermediate H-vector with angular velocity ωH. No 
torques are applied. 
4. When t = /ωH, i.e. exactly one half precession 
period later, the instantaneous Z-axis is in the desired 
position: Z = Zt. To stop the precession motion a second 
angular impulse is required, in magnitude equal to the 
first one (from step 2), in order to realign the H-vector 
with the Z-axis. Relative to the Z-H plane, the second 
impulse vector is the exact opposite of the first impulse. 
(Note though that relative to the inertial plane the 
enclosed angle is 2.) 
5. In the meantime, the thruster has rotated relative 
to the Z-H plane by ωNt radians. In order to be in the 
correct position to generate the second angular impulse 
discussed in step 4, equal in magnitude but opposite in 
sign (relative to Z-H plane) to the first impulse from 
step 2, the thruster should therefore have rotated (2k +1) 
half revolutions (equal to (2k +1) rad), where k is a 
nonnegative integer. 
As a result the trajectory of the spin axis is one half 
precession circle: a semi-circle in a plane perpendicular 
to the intermediate H-vector with radius sin() and 
centre at the intersection of the plane with the 
intermediate H-vector. Plotting the spin axis in 3D over 
time will yield a half cone with top in the centre of mass 
and top angle . 
 
The constraint mentioned in step 5 can be 
formulated as a relation between k and . To that end 
the constraint is first put into formula (8): 
( )
( )
2 1
2 1
H N
N H
t k
k
pi pi
ω ω
ω ω
= = + ⇔
= +
  (8) 
Filling in the formulas for ωN (5) and ωH (4) derived 
previously: 
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Substituting cos(): 
( ) ( ) ( )
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 (9) 
This last equation (9) gives an interesting relation 
between the number of half revolutions made by the 
thruster around the Z-axis after one half revolution of Z-
axis around H (2k+1) and , the nutation angle (also 
half of the target slew angle). 
The constraint that k should be a nonnegative integer 
(i.e. k > 0) can be relaxed to some extent in that it is also 
allowed to be 1/x where x is a positive integer (different 
from zero of course). This relaxation actually means 
that the thruster will not have completed one half 
rotation after one half revolution of the Z-axis around 
H, but will do so after x half revolutions of that Z-axis. 
Needless to say this is not a time-optimal solution but it 
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is necessary if 0.5 <  < 1 as the right-hand side 
denominator then becomes < 1. 
The special case where  = 1 would zero out the 
denominator is rather trivial as this is only the case for a 
spherically symmetric spacecraft, which does not 
exhibit nutational motions in the first place. 
Note that in equation (9) only the moments of inertia 
are involved – there is no dependence on spin rate (ωz). 
Fig. 2 plots equation (9) for several values of , from 
0.0121 to 0.5. The connecting lines are drawn only to 
give an impression of how the points are related; there 
are no realistic intermediate values, only the data points 
are of practical use. The figure shows a rapid decline in 
the number of possible nutation angles and the 
maximum possible angle as  increases: for  > 0:2, 
only one nutation angle is possible; for  = 0:45, this 
angle is roughly 35° whereas for  = 0:0121 this is 
almost 90°. 
 
Fig. 2:  vs. k for several values of  
 
Finally the angular impulse that should be delivered 
at t = 0 can be derived: 
( ) ( )0tan tanfd z zTt H Iθ θ ω= =  (10) 
 is a measure for the desired slew angle and serves 
as an input variable here, with the additional constraint 
defined in equation (9). The direction of this angular 
impulse was already fixed as the +Y direction. The 
formula also clarifies that the impulse required to 
change to a given angle  is linearly dependent on the 
spin rate. In other words, the higher the spin rate, the 
more impulse is required to effect the same nutation 
angle. This is both the advantage and the disadvantage 
of spinners, as they do not discriminate between an 
external disturbance torque, in which case it is desirable 
that this torque has as little effect as possible, or an 
attitude control torque, in which case it is desired that 
the torque is as effective as possible. 
Note that thruster properties (maximum thrust, 
minimum thruster firing duration tfd, thrust profile etc.) 
may lead to additional constraints on . As these are 
very actuator-specific (which is not necessarily a gas jet 
thruster) they are not discussed further in this section. 
Fig. 3 gives an indication of the angular impulses (in 
Nms) required for an z = 12 rad/s and Iz = 0.065 kgm
2
 
(as before) as a function of  (in degrees). 
 
Fig. 3: Angular impulse as a function of  
 
Again, the figure is discretised for the same values 
of k as Fig. 2. As was discussed, the figure has a vertical 
asymptote at 90°, but smaller angles have a relatively 
low angular impulse cost. 
 
III.II Simulation results 
The target slew angle is  = 2 = 90°, translating to a 
nutation angle  = 0.7947 radians = 45.5° as permitted 
by equation (9). The inertial nutation rate (H) is then 
about 0.0035 rad/s, leading to a total simulation time 
(one half inertial period) of about 950 seconds. (For 
smaller , this value increases significantly.) The k-
value corresponding to  is 28, meaning the s/c should 
have made 28.5 revolutions around its Z-axis between 
the first and the second angular impulse. 
The simulation results are represented as follows. 
Fig. 4 displays the trajectory of the Z-axis tip as a solid 
line in the inertial frame. The time required for this 
manoeuvre is about 950s as calculated before. The 
figure is colour-coded for time starting at red and going 
to yellow (as if the axis is ‘heating up’). Additionally, 
the angular momentum unit vector trajectory is plotted 
as a sequence of blue crosses. As the requested attitude 
change is nearly 90°, the Z-axis starts at [0 0 1] and 
ends up almost parallel to the inertial Y-axis. Note that 
there are no units on the axes since the figure displays 
unit vectors. 
The total angular impulse to be provided by the 
thruster for this manoeuvre is 0.0265 Nms. It can be 
seen from the constitutive equations that for smaller 
angles  the total manoeuvre time increases but the 
additional angular impulse required decreases. As a 
consequence, the thruster firing duration tfd (sometimes 
also called thruster-on time) decreases as well. 
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Fig. 4: Z-axis and H-vector trajectories in inertial space 
– Half-cone 
 
 
IV.MULTI-CONE 
IV.I Theory 
The previous discussion and simulation results were 
for a single half-cone. One use of this manoeuvre is to 
create a sequence of half-cone manoeuvres in order to 
get to a certain attitude. This is called the multi-cone 
technique, though it may be more accurate to call it 
“multi-half-cone”. This technique is briefly touched 
upon in [Wiesel]
7
, at the end of section 5.5. 
The multi-cone method is a concatenation of several 
half-cones; in its simplest form two half-cones with 
identical nutation angles . In a worst-case scenario this 
would mean the pointing error increases with each half-
cone manoeuvre as the torque required to start the next 
half-cone can only be delivered after the torque to end 
the previous half-cone has been delivered. Of course, 
this can be remedied by having the s/c wait for (nearly) 
one spin period between two half-cones. 
Aside from increasing the range of attainable 
displacement angles, one other advantage of using a 
multi-cone approach can be seen in the angular impulse 
required. Comparing a simple situation of two 
concatenated half-cones with identical nutation angle  
to one half-cone with nutation angle 2 (assuming both 
 and 2 yield valid half-cone manoeuvres), equation 
(10) yields for the half-cone manoeuvre an angular 
impulse of tan(2)Izωz and for the double-cone 
2tan()Izωz. Using the double-angle formula for the 
tangent: 
2
2 tan( )
tan(2 )
1 tan ( )
fd z z z zTt I I
θ
θ ω ω
θ
= =
−
 (11) 
Equation (11) suggests that the impulse required for 
a single half-cone with nutation angle 2 will always be 
1/(1-tan
2
()) times that of a double half-cone with angle 
, while both yield the same end result. Note however 
that the time required for the manoeuvre will be higher 
for the multi-cone approach as k (which is a measure for 
time duration) increases with decreasing  according to 
equation (9). This means that the time required for just 
one of the two half-cones in the multi-cone manoeuvre 
is already larger than the time required for the single 
half-cone, after which it has to be doubled to account 
for the second half-cone. 
A simulation run was set up for a manoeuvre using 
two consecutive half cones, each with a nutation angle  
of approximately 22.8° and a corresponding k-value of 
37. All other parameters are as in Table 1. This led to a 
simulation run of about 2400s; the total angular impulse 
spent is around 0.0219 Nms. 
As in Fig. 4, Fig. 5 represents the trajectory of the 
SFB Z-axis through inertial space, with blue crosses 
added for the locations of the angular momentum 
vector. 
 
Fig. 5: Z-axis and H-vector trajectories in inertial space 
– Multi-cone 
 
From this figure the two half cones can be seen 
easily; it can be verified that their nutation angles are 
the requested 22.8°. Note that the final slew angle  is 
now equal to 4, since one half-cone displaces it with 
2. 
 
IV.II Multi-cone Using Non-identical Nutation 
Angles 
By using non-identical nutation angles the flexibility 
of the multi-cone manoeuvre can be improved. One 
main prerequisite for that is the attainability of different 
nutation angles, in order to have enough choice to piece 
together a multi-cone manoeuvre that will end up near 
the target attitude. Note that with or without identical 
nutation angles, a multi-cone cannot obtain an angle less 
than the minimum nutation angle for one half-cone. 
 
V. DUAL-CONE 
V.I Comparison with Multi-cone 
One method newly derived at Surrey Space Centre is 
the Dual-cone method. Based on the Multi-cone 
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manoeuvre, this method consists of two Half-cone 
manoeuvres with identical nutation angles performed in 
series. The most important difference with respect to the 
Multi-cone manoeuvre however is that the azimuth 
angle between the two half-cones (int as shown in Fig. 
6) is no longer 180° but variable. Combined with an 
algorithm that can choose a nutation angle based on the 
desired slew angle this method ensures that any final 
slew / azimuth angle combination can be attained. 
First of all, the nutation angle  is calculated using 
the ideal angle t = t/4 – the ‘target’ nutation angle, for 
which a normal multi-cone manoeuvre with two half-
cones would exactly yield the target slew angle t. 
However, due to the k-- relationship described in 
equation (9) and Fig. 2, this ideal angle is usually not 
obtainable. The algorithm will choose the closest 
obtainable nutation angle larger than the ideal one;  
needs to be larger in order to ensure that the target slew 
angle can be reached with no more than two half-cone 
manoeuvres. To be precise, a lower value for ‘k’ is 
calculated first and then converted to  using equation 
(9). 
Assuming identical nutation angles the spherical 
trigonometric identities can now be set up in order to 
determine the azimuth angles for each half-cone, 1 and 
int, see Fig. 6.  
 
Fig. 6: Dual-cone design parameters 
 
V.II Results 
Simulations were run for the default scenario, 
yielding a duration of about 2400 seconds and an energy 
consumption of 0.0219 Nms – nearly equal to the multi-
cone situation. 
With t = 0 and t = 90°, the final slew angle was 
90.05° and the final azimuth angle 0.23°; the thruster 
firing duration tfd ended up about 55 ms (nearly identical 
to the multi-cone manoeuvre). Fig. 7 displays the 
trajectory of the Z-axis over time in the inertial frame. It 
can be clearly seen that there is a flexure in-between the 
first and second Half-cone manoeuvres. 
 
Fig. 7: Z-axis and H-vector trajectories in inertial space 
– Dual-cone 
 
V.III Final remarks 
• The constitutive equations do cause computational 
load due to their use of trigonometric functions. A 
look-up list may be implemented when not enough 
computer resources are available. 
• Identical nutation angles are not strictly necessary 
but significantly simplify the calculations. 
• The method can be extended to more than two half-
cones, e.g. with only the last half-cone using a 
flexible alpha. This should be considered on a case-
by-case basis, as additional half-cones tend to 
increase duration but decrease fuel consumption. It 
is particularly interesting however when the 
maximum possible nutation angle is not large 
enough for the target slew angle, a situation 
occurring at large slew angles for relatively large 
values of . 
 
VI. SECTOR-ARC SLEW 
VI.I Theory 
As mentioned in [Watt]8, the Sector-Arc Slew (SAS) 
method is in terms of dynamic behaviour very similar to 
the Half-cone method. The main difference between the 
two lies in the fact that for the SAS, the angular 
momentum vector is not constrained to be coplanar with 
the initial and final spin axis vectors. This adds one 
degree of freedom as the nutation angle  can now be 
chosen independent of the desired slew angle (as long as 
it is smaller than 90° – this singularity is inherited from 
the Half-cone method). As a result, the half-cone 
limitation on the range of possible reorientation angles 
(which was 2, where the only accepted values for  are 
given in Fig. 2) is removed. 
One observation is that this technique can also be 
used to decrease the time required for reorientation 
compared with the Half-cone method, as the nutation 
angle will always be larger for the sector-arc slew than 
for the Half-cone method leading to a higher H, 
coupled with a smaller arc traversed by the spin axis on 
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the precession circle. The Half-cone method could even 
be seen as the result of minimising the nutation angle of 
a Sector-Arc Slew. 
As for the Half-cone, a single-arc Sector Arc Slew 
can also be concatenated to a multi-arc slew. The 
denomination ‘Sector-Arc Slew’ corresponds by default 
at the use of one or more arcs. The total slew angle is 
then the sum of each arc’s slew angle. In the following 
discussion only one arc is meant when ‘Sector Arc 
Slew’ is mentioned. 
The timing of both pulses, the first to initiate and the 
second to cancel out the precession motion, is quite 
different from the Half-cone manoeuvre. The timing of 
the first pulse (the initiation pulse) t0 defines the 
azimuth angle 2 of the final Z-axis attitude. As this 
angle would be user-defined in a practical scenario, the 
controller should calculate the corresponding t0. Aside 
from the requested angle 2, several parameters need to 
be defined for calculating this angle 0 by means of 
spherical trigonometry: the contribution to  due to the 
SAS manoeuvre itself SAS and the contribution due to 
the torque vector T. 
 
In the Half-cone manoeuvre, the second pulse (the 
cancellation pulse) is triggered after the spin axis has 
traversed one half of the precession circle. For the SAS 
by contrast, it can be triggered any time the thruster is in 
the correct position, which depends on N. The 
equations for N itself (5), H (4) and angular impulse 
(10) remain unchanged. 
Note that similar to the Half-cone manoeuvre, the 
value of k can be used as an exact indication of the total 
time, only depending on z and : t = (2k + 1)/N. The 
lower k, the less time the manoeuvre requires. 
The Sector Arc Slew detailed design description can 
be found in [Watt] 
8
. 
 
VI.I Results 
To demonstrate the additional degree of freedom, 
two different Sector-Arc Slews have been simulated, 
both for a slew angle t of about 90°. For each 
simulation the figures are similar to the half-cone 
figures produced in section III.II. 
The first simulation uses a k-value of 10 and a 
nutation angle  of about 64°. Fig. 8 displays the 
trajectory of the Z-axis in the inertial frame, equivalent 
to Fig. 4 for the Half-cone manoeuvre. The axes have 
equal length units and it can be seen that the trajectory 
is less than half of a circle (a sector arc), though the 
perspective may make this a little difficult to confirm. 
As the requested attitude change is nearly 90°, the Z-
axis starts at [0 0 1] and ends up at a right angle. The 
time required for this manoeuvre is about 350 s after t0 – 
almost one-third of the time required for the half-cone 
manoeuvre. The figure is colour-coded for time starting 
at red and going to yellow. 
 
The total amount of angular impulse for this 
manoeuvre to be provided by the thruster is 0.0525 
Nms, about double that for the Half-cone manoeuvre, 
but the total time required is almost one third of the 
half-cone.  
 
Fig. 8: Z-axis and H-vector trajectories in inertial space 
– SAS 1 
 
The second simulation uses a larger  of about 70° 
and a smaller k of 7. The time required in this case is 
less than 250s after t0 at the cost of an increased angular 
impulse with respect to the first SAS simulation run of 
0.0733 Nms. Similar as for the first simulation run, Fig. 
9 displays the results for this simulation run. 
 
Fig. 9: Z-axis and H-vector trajectories in inertial space 
– SAS 2 
 
VII. RHUMB LINE 
VII.I Theory 
The Rhumb line manoeuvre is a manoeuvre where 
an angular impulse is given on detection of a certain 
inertial reference such as the Sun, approximately once 
every z revolution. The resulting motion is 
characterised by the fact that when plotted in a Mercator 
plot with the inertial reference at the pole, the trajectory 
of the angular momentum vector would yield a straight 
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line (constant heading angle). A major difference with 
both half-cone and SAS manoeuvres is that the angular 
momentum vector is modified on a very regular basis 
during the manoeuvre (more or less once every 2/z 
seconds), as opposed to only twice for a single Half-
cone or Sector Arc Slew. As suggested by the use of 
Mercator plots, one particular property of Rhumb line 
manoeuvre implementation is a singularity at the pole, 
when the Sun vector (in general: the inertial reference) 
is parallel to the spin axis. In literature, it seems to be an 
accepted method to simplify the manoeuvre analytically 
by assuming that the spin axis trajectory closely follows 
that of the angular momentum vector. In his paper 
‘Models for Rhumb-Line Attitude Maneuvers and Error 
Propagation Effects’, Joseph van der Ha
9
 states: 
“Analytical models […] indicate that the 
maximum nutation angle remains 
relatively small in practice” 
Van der Ha adds that for a major axis spinner ( > 
1), the spin axis will realign itself passively with the 
angular momentum vector while minor axis spinners ( 
< 1) are assumed to have an active nutation damper that 
takes care of this. In short, it seems to be standard 
practice to assume the spin axis trajectory aligns with 
the angular momentum vector trajectory over time. This 
is not the approach taken in this paper however. 
Step-by-step mathematical analysis of this 
manoeuvre is unfortunately rather involved due to the 
impulse-like torque pulses given at non-periodic times 
during the manoeuvre. 
Using dimensional analysis an important parameter 
to describe this manoeuvre is defined in equation (12) as 
the non-dimensionalised torque coefficient Tc: 
fd
z z
Tt
Tc
I ω
=  (12) 
Basically, for two different situations where  and 
Tc are equal, the resulting Rhumb line manoeuvres will 
be analogous. Furthermore, if  is modified but the non-
dimensional quantity Tc/ is conserved, the resulting 
trajectories of the angular momentum vector and Z-axis 
in inertial space will be almost equal; looking at their 
time history reveals a phase shift dependent on the 
difference in  – increasing  will increase the speed 
with which the spin axis and angular momentum vector 
proceed along their trajectory in inertial space. 
As the Rhumb line simulation model relies on a sun 
sensor to generate the torque pulses, the Initial Sun 
Inertial frame (ISI) will be used as the inertial frame of 
reference instead of the RI frame used in previous 
simulations. The Sun vector is by definition at [0 0 1] in 
the ISI frame. 
 
VII.II Simulation Results 
In order to do a realistic simulation of the Rhumb 
line manoeuvre a Sun sensor model was inserted to 
drive the train of pulses. This model assumes a single 
slit sensor parallel to the spin axis and compares two 
angles: the angle in the SFB XY-plane between this 
normal vector N and the sun vector S (constant in the 
inertial frame), to decide whether the sun is ‘on top’ of 
the sensor, and the angle between the normal vector and 
the sun vector in the Z-N plane, to determine whether 
the sun is in the sensor’s fan-shaped field of view 
(FOV). Normal vector and FOV angle are configurable. 
Due to the numerical approach, the FOV for the N-S 
angle in the SFB XY-plane is also fan-shaped but with a 
fixed angle of about 8° symmetrical, which leads to a 
slight bias on the heading angle of the same amount. For 
the simulations, the Sun sensor normal vector N is set to 
[-1 0 0] in the SFB frame; the FOV is set to 89° 
symmetric around N (so 178° total). The duration of 
each Rhumb line thrust pulse is 0.11s, triggered by the 
sun pulse. 
The next results are for an increased spin axis 
moment of inertia of Iz = 0.65 kgm
2
, a tenfold increase 
with respect to the default scenario in table 1, in order to 
demonstrate the Rhumb line manoeuvre clearly, since 
the default scenario turned out to be too strongly 
influenced by the singularity at the poles. The Sun 
vector is at [0 0 1] in the Initial Sun Inertial frame (ISI), 
the initial attitude Euler angles of the SFB frame are set 
to [90° 0 0] with respect to the ISI frame. Furthermore, 
Fig. 11 – a Mercator plot of the angular momentum 
vector with the sun axis at the pole – is added to the 
default set of figures plotted in previous sections. For a 
Rhumb line manoeuvre, the trajectory of the angular 
momentum vector in a Mercator plot should be a 
straight line at an angle 	 called the heading angle. 
 
 
Fig. 10: Z-axis and H-vector trajectories in inertial 
space (ISI) – Rhumb line 
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Fig. 11: Mercator plot of Rhumb-line H-vector 
trajectory 
 
The Rhumb line algorithm is deactivated after 600s. 
The total angular impulse spent is 0.2364 Nms, of 
which 0.209 Nms is used by the Rhumb line algorithm 
while the remainder is used by a separate algorithm to 
realign the angular momentum vector with the spin axis 
after 600s. This realignment happens very fast. The total 
slew angle  is about 88°. Note however that due to the 
modified initial spin axis moment of inertia this 
simulation run cannot be compared directly with the 
Half-cone or Sector Arc Slew manoeuvres from the 
previous chapters. 
From Fig. 11, it can be seen that the angular 
momentum vector trajectory starting at x = -90° is 
indeed a straight line up to the point at x = 0° (heading 
angle about 0°), which is the point in time where the 
Rhumb line algorithm is deactivated (t = 600s) and the 
finalising algorithm takes over. The side-effect of this 
last algorithm is that the final spin axis orientation is not 
on the Rhumb line, but as can also be seen from Fig. 10, 
the spin axis trajectory follows but does not converge to 
the angular momentum vector trajectory. 
 
 
VIII. SPIN-SYNCH 
VIII.I Theory 
Another potential manoeuvre exhibiting many 
similarities to the Rhumb line is a ‘spin-synchronised’ 
manoeuvre (abbreviated to spin-synch in this 
document), in which one pulse per spin revolution is 
given. Though it appears similar to the Rhumb line, the 
trajectory of its angular momentum vector is in general 
not a straight line in a Mercator plot; neither does it 
have the singularity at the pole. The finalising algorithm 
used here is identical to the Rhumb line’s finalising 
algorithm to realign angular momentum vector with 
spin axis. The first results given are using rigid-body 
simulations; when energy dissipation is introduced, 
more complex patterns emerge due to the reduction in 
spin rate. 
As for the Rhumb Line method, an important 
parameter to characterise the Spin-Synch method is the 
non-dimensional torque coefficient Tc defined in 
equation (12). 
This method is easily confused with the Rhumb line 
method, likely due to the fact that for small slew angles 
or trajectories near the ISI equator, the difference 
between Rhumb line and Spin-Synch is almost invisible 
as can be seen in section VIII.II. In fact, one paper by 
[Furukawa]
10
 starts off explaining the Rhumb line 
method but then assumes a constant inter-pulse time, 
which transforms it into a Spin-Synch manoeuvre. 
 
VIII.II Comparison with Rhumb Line 
As mentioned before, there appears to be some 
confusion as to the differences between Rhumb line and 
Spin-Synch manoeuvres. This paragraph aims to 
explore and clarify these differences. 
Fig. 12 details the trajectories of the angular 
momentum vector (dotted) and the spin axis (dash-dot 
line) for both the Rhumb line (blue) and the Spin-Synch 
manoeuvre (red). Initial conditions were identical and 
equal to the nominal scenario except for the Z-axis 
moment of inertia (increased to 0.65 kgm
2
 as before) 
and the initial attitude ([90° 0 0]). The sun vector is at 
the +Z position in the inertial reference frame used in 
the figure. From this figure it can be seen that the 
Rhumb line’s angular momentum vector is indeed 
following a path spiralling to the pole (also called a 
loxodrome) while the Spin-Synch’s H-vector is going 
around the celestial sphere in approximately a small 
circle. Fig. 13 gives the time between thruster pulses 
over time for both Rhumb line and Spin-Synch 
manoeuvres. It can be clearly seen that the thruster pulse 
timing for the Rhumb line manoeuvre is variable 
(though with a periodic behaviour) while the Spin-
Synch remains constant at the value corresponding to 
the spin period for a rigid spacecraft. 
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Fig. 12: Z-axis and H-vector trajectories in inertial 
space – Spin-Synch versus Rhumb line 
 
 
Fig. 13: Torque pulse timings – Spin-Synch versus 
Rhumb line 
 
IX. COMPARISON AND ANALYSIS 
IX.I Comparison 
Table 2 gives a short conclusion of the simulation 
runs for the Half-cone derived slew algorithms, where 
initial conditions are as in table 1 with the target slew 
angle t = 90°, and in table 3 for the pulse-train slew 
algorithms (Rhumb line and Spin-Synch) with similar 
initial conditions except for a ten-fold increase in IZ as 
described in section VII.II. 
From the results it can be concluded that for a 
prolate spacecraft spinning around its minor axis of 
inertia using only one attitude thruster, the half-cone 
manoeuvre tends to be the least fuel-consuming slew 
algorithm but the most time-consuming, especially 
when multiple half-cones are concatenated as for the 
multi-cone method. Sector-Arc Slew performs quite fast 
with only moderate fuel consumption. Dual-cone and 
Multi-cone manoeuvres appear similar, but the 
difference is the final accuracy: Multi-cone ends up with 
a slew angle of 91.3°, while Dual-cone’s final slew 
angle is closer to the target one with 90.05°. Rhumb line 
and Spin-Synch are not considered as their initial 
conditions were different. 
Additional aspects to take into account are that due 
to its nature, the half-cone manoeuvre is severely 
limited considering the range of nutation angles. The 
multi-cone method is a little more flexible thanks to the 
concatenation, where the number of half-cones and their 
respective nutation angles can be selected 
independently. The Sector-Arc Slew does not have this 
limitation but requires both  and k to be tuned together 
to get the desired t. Similarly, the dual-cone approach 
does not have a theoretical limit on attainable slew 
angle either, but is generally slower than Sector-Arc 
Slew. The pure Rhumb line algorithm is relatively easy 
to implement but from the analysis presented difficulties 
seem to arise once  becomes small, as it was for the 
default scenario, when nutation damping (either active 
or passive) is left out of the equation. 
Generalisation of these techniques to a non-
axisymmetric spacecraft is currently out of scope for 
this paper. For a non-axisymmetric spacecraft (e.g. Ix > 
Iy > Iz) the equations need to be revised and for Fig. 1, 
the angular velocity vector  will not be coplanar with 
Z and H. A more in-depth discussion can be found in 
[Livneh]
11
. 
 
IX.II Analysis 
Half-cone Derived Slews 
Half-cone derived single-thruster slews are by 
definition only applicable for  < 0.5 and perform better 
for smaller values. As it turns out the differences 
between these slew algorithms are most obvious in the 
trade-off between duration and fuel/energy use. 
As stated before the Half-cone is limited for single-
thruster operations in the number of attainable nutation 
angles. The k-- graph in Fig. 2 clearly indicates this 
number goes down as  -> 0.5. As the slew angle for a 
half-cone manoeuvre is exactly twice the nutation angle, 
this limits the number of viable slew angles. 
One way around this is to use multi-cone technique 
where multiple half-cones with a relatively small 
nutation angle are concatenated, increasing the number 
of attainable slew angles. A second reason to use the 
multi-cone is to reduce fuel use: it can be shown that the 
multi-cone technique is the most fuel-efficient 
manoeuvre of all half-cone derivatives, but it pays the 
price in terms of slew duration. 
Even though the multi-cone increases the number of 
potential slew angles, it is still not flexible enough to 
accommodate any target slew angle. The novel dual-
cone slew algorithm offers a solution to this by rotating 
the direction of the last half-cone of a multi-cone slew. 
In theory this allows for any possible target slew angle 
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as long as there is at least one attainable nutation angle 
(the more the merrier of course) – overshoots are no 
problem. The required preparatory calculations are a 
little more involved than the ordinary half-cone 
manoeuvre. 
Solving the slew angle limitation in a different 
fashion, the Sector-Arc Slew allows the angular 
momentum vector to depart from the initial-target spin 
axis plane. In so doing the spin axis trajectory in inertial 
space will be less than a half-cone (i.e. a sector arc). A 
second reason to use the sector-arc slew is to decrease 
the total duration of a half-cone slew, though this is 
inevitably paired with an increased fuel consumption. 
The calculations are more involved than those for half-
cone slews. Multiple Sector-Arc slews can be 
concatenated in the same way as a multi-cone slew is a 
concatenation of half-cone slews but the added value of 
this combination seems limited to very large angle slews 
of around 180°, which is an asymptote for both the half-
cone and the single sector-arc slew. 
 
Pulse-train Slews 
Pulse-train slews such as the Rhumb line or Spin-
Synch methods tend to be more effective at higher , 
where their characteristic deviation cycles are smaller to 
the extent that they become negligible. As mentioned 
before there is little difference between these two 
manoeuvres for small slew angles, but where the 
Rhumb line angular momentum trajectory is a 
loxodrome, this trajectory approximates a circle on the 
ISI sphere for a well-behaved Spin-Synch manoeuvre 
and will loop back on itself for lesser-behaved 
manoeuvres. The sensor feedback used for the Rhumb 
line method ensures better behaviour than the Spin-
Synch, though it does create a singularity at the ISI 
poles. The Torque coefficient Tc seems to be a 
determining factor in deviation cycle size and nodal 
distances, both for Rhumb line as for Spin-Synch 
manoeuvres. 
 
X. CONCLUSIONS AND FUTURE WORK 
The aim of this paper was to give a review of slew 
algorithms usable for reorienting a prolate spinning 
axisymmetric spacecraft using a minor axis spin. From 
the results it can be concluded that there are two main 
families of slew algorithms, the Half-cone derived slews 
and Pulse-train slews. The viability of a slew algorithm 
depends heavily on spacecraft parameters, mainly its 
moments of inertia. Especially within the Half-cone 
family it was shown that a trade-off exists between the 
energy used and the time taken for a specific 
manoeuvre. 
In future work more detailed characterisation of the 
slew algorithms will take place. Furthermore, 
disturbances will be taken into account such as 
instability caused by energy dissipation (non-rigid 
spacecraft dynamics as described e.g. in [Rahn]
12
) and 
gravity-gradient disturbance torques. 
 
Slew algorithm Time [s] Angular impulse 
[Nms] 
 [°] k [--] 
Half-cone  950 0.0265 45.5 28 
Multi-cone  2400 0.0219 22.8 37 
Dual-cone 2400 0.0219 22.8 37 
SAS 1  350 0.0525 63.66 10 
SAS 2  250 0.0733 70.47 7 
Table 2: Summary of the simulation results (Half-cone derived slew algorithms) 
 
Slew algorithm Time [s] Angular impulse [Nms] 
Rhumb line 600 0.2364 
Spin-Synch 600 0.2348 
Table 3: Summary of the simulation results (Pulse-train slew algorithms) 
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